Experimental melt data are compared with differential constitutive equations that contain only a single adjustable parameter, besides the parameters describing the linear relaxation spectrum. These include the equations of Giesekus, PhanThien and Tanner, Johnson and Segalman, White and Metzner, Larson, and Acierno et al. The deformations are step shear, step biaxial extension, and start up of steady uniaxial extension of HDPE without long side branches and LDPE with long side branches. The Johnson-Segalman and White-Metzner models fail to predict the experimental data accurately. The equation of Acierno et al. shows strong oscillations in elongation and shear. The Giesekus equation fits the uniaxial extension and shear data but fails to do so for biaxial extension regardless of the choice of the adjustable parameter. The models of Phan-Thien and Tanner and of Larson seem to fit the data best. These two equations give a reasonably good fit to the data in all three deformations for the HDPE for a single value of the adjustable parameter. For the branched LDPE, a fit is only obtained if the parameter is separately adjusted for each of the three types of deformation.
INTRODUCTION
The usefulness of a constitutive equation lies in its ability to predict melt flow behavior accurately in a wide range of deformation histories for as many polymer systems with as few adjustable parameters as possible. To simulate polymer melt processing realistically, this equation must be able to describe material behavior from the linear to the nonlinear regime. Further, since the nonlinear behavior of melts in shear and in the extensional deformations-uniaxial, biaxial and planar, can strongly differ from each other, it is particularly important that the constitutive equation be capable of simultaneous description of these types of deformations.
In this paper, we evaluate differential constitutive equations that contain only a single adjustable parameter, besides the parameters describing the linear relaxation spectrum. These include the equations of Giesekus, la2 Phan-Thien and Tanner,3-5 Johnson and Segalman, ,5m7 White and Metzner, 7-g Larson lo and Acierno et aZ.'l We focus on these models because they haie only a single adjustable parameter, and are therefore most amenable to numerical simulations. Further, they include a wide spectrum starting with empirical equations, such as the White-Metzner, to molecular ones such as the Phan-Thien and Tanner model, as well as separable (Larson) and nonseparable (Giesekus) equations.
These models are capable of predicting linear viscoelastic data as well as viscometric functions with reasonable accuracy. However, very few studies have been undertaken to examine their reliability for multiple types of deformation in the nonlinear regime. In this paper, we compare the predictions of these models to experimental data12 in three kinds of deformations: step shear, step biaxial extension, and start up of steady uniaxial extension. These comparisons allow us not only to probe the nonlinear predictions of the differential models but also to check their ability to describe simultaneously three deformations with a single value of the adjustable parameter.
The experimental data for all these three types of deformation are taken from a previous paper12 and the work of Laun. 13,i4 Stress growth data at different strain rates in uniaxial extension, which were obtained by Laun using a rotary clamp device,i3 are used to make direct comparisons to model predictions. In the step strain experiments, which were performed with a Rheometrics System Four l2 it was observed that materials follow approximate timestrai; separability, that is, the stress relaxation can be expressed as a product of a time-dependent and a strain-dependent function. For example, after a step shear, the shear stress Eli, can be factored into a linear relaxation modulus G(t), and a strain dependent function h(y)y 712 = G(tMyh (1) where, y is the shear strain; h(y) describes the nonlinearity of the elasticity and is called the damping function. 15 In this paper, we compare the damping functions obtained from the step strain experiments to the predicted damping functions of the different models, instead of directly comparing the measured stress relaxations to the predicted time-dependent stresses.
In general, the damping function for any deformation is defined as the stress level relative to that predicted by the Lodge model or equivalently the upper-convected Maxwell model. The Lodge model predicts that the stress tensor after an arbitrary step st.rain is given by
where Cm' is the Finger strain tensor and 5 is the unit tensor. For a step shear strain, this reduces to -
Thus the damping function, h(y), in Eq. (11 is the amount by which the measured stress deviates from Eq. 3. This deviation is invariably found to be in the direction of smaller stress, i.e., h(r) drops below unity as y increases. For biaxial extension, which was done using a lubricated squeezing technique,l' the measured normal stress difference, Ar, between the direction of stretching and the direction of compression, is obtained from the Lodge model, Eq. (2), as Ar = G(tl(e"' -e-*?
where E is the Hencky strain, E = log(A), A being the ratio of the final to the initial radius of the sample disk that is being stretched biaxially. Thus the damping function in biaxial extension is defined by A7 '(') = G(t)(e2c -e-4E) .
The ratio, %, in shear and AT
in biaxial extension, is Y referred to as the nonlinear relaxation modulus. Experimentally, the damping function is obtained by plotting the nonlinear relaxation modulus as a function of time for different strain levels. Because of time-strain separability, these curves are almost parallel to each other and exhibit a vertical shift downwards with increasing strain. The damping function is given by the vertical shift required to superpose each curve on the reference (lowest strain) curve. For separable constitutive models, which obey time strain separability, the damping function can be derived directly without solving the entire time dependent stress relaxation problem. For other models, h can only be obtained indirectly by plotting the time-dependent reiaxation modulus and following the procedure used to obtain the damping function from the experimental data. This method of superposition still holds because most melts have a broad distribution of relaxation times, and nonseparable models with such a spectrum usualiy show approximate separability.' To screen the various models, we define a hierarchy of tests and materials.
Predictions of each equation are compared to the experimental data of a commercial high-density polyethylene (HDPE) in the following order: step shear, steady uniaxial extension and finally step biaxial extension.
If a model fails to describe the material behavior at any point of this test sequence, a different equation is considered. Models capable of describing all three deformations for HDPE are subjected to more severe tests by comparing their predictions to the data of a commercial low density polyethylene (LDPE), which has long side branches. Description of these polymers along with their linear relaxation spectrums are summarized in Tables I and II. 14
CONSTITUTIVE EQUATIONS
In this section, we compare the various equations to the experimental data. The equations are presented in an ascending order of their ability to predict the three deformation considered.
Johnson-Segalman Equation
The Johnson-Segalman model is given by in which V denotes the usual upper convected derivative Here t is time, pi the extra stress tensor, u the velocity and is the rate of deformation tensor. 5 denotes the substantial derivative and a the adjustable parameter. The first two terms of Eq. (6) constitute the Gordon-Schowalter nonaffne convected derivative7,16 with (Y being a slip parameter. "a" is the single nonlinear parameter of the model that is not obtained from the linear spectrum. In all models considered in this paper, "2 will be used to denote the nonlinear adjustable parameter.
Equation (6) gives the portion of the stress, Ti, associated with relaxation time A, and relaxation modulus G; so that the total stress is given by a = 2~~. The summation is over the different A, bed when (Y is set to zero. As (Y increases, stresses decrease from the UCM predictions. We define "strain softening" to occur whenever stress levels fall below the UCM predicted values. For all the models considered here, strain softening increases as cy increases.
The Johnson-Segalman (J-S) model is a separable one, and we can obtain an analytical expression for the shear damping function, h(r), from Eq. (6) h(y) =
In Figure 1 the predictions of the J-S model for three different (11) Furthermore, it is known that the J-S equation shows singularity in the steady-state viscosity in uniaxial extension.5 These deficiencies limit the usefulness of this model for describing the deformations considered here.
White-Metzner Equation
The constitutive equation proposed by White and Metzner is given by7xR
12)
where A is a relaxation time that depends on the deformation rate P. One suggested form of this dependence is7,8 A I2 = 1 + ah(2trQ:p)"" Like the previous model, the White-Metzner equation (W-M) is time-strain separable and an analytic expression for the shear damping function can be derived. Thus
In Figure 2 (a) the experimentally measured damping function of HDPE" is compared to the prediction of Eq. (14) for different values of n. The model is not capable of describing accurately the measured damping function, although the discrepancy is not as severe as in the J-S case. The model underpredicts the data at low strains but overpredicts it at large strains. However, unlike the J-S equation, the damping function of Eq. (14) is never negative. The Lodge-Meissner relation, however, is also violated by this model. (15) with (Y set to 0.6. This value of a gives the best fit to the data. As can be observed, although the model prediction agrees reasonably well with experiments at small strain rate or short times, the predicted degree of strain softening differs considerably from experiment. Specifically, the measured viscosity shows a plateau at large strains but the theoretical viscosity continues to increase monotonically. The shapes of the theoretical curves are also different from the experimental curves in this nonlinear regime. Since the model does not appropriately describe the nonlinear response in shear and elongation, we consider it no further.
ibfarrucci Equation
The network model proposed by Acierno et al., more commonly known as the Marrucci model, takes the form2~'l v 1
x1.4 -i )
x z -I-$ T = ~x'-~GQ (16) where x satisfies the evolution equation .
The scalar dimensionless quantity "x" can be considered as a structural parameter that represents the degree of connectivity of the macromolecular network with respect to that at equilibrium. n = 1 corresponds to the equilibrium structure and z < 1 describes the deviation of the existing structure from equilibrium. One can also view this model as one with a structure dependent relaxation time iA) and modulus (G) In transient elongational deformation, the model yields
with ~~~(0) = ~~~(0) = 0, and x(0) = 1.
The extensional viscosity is then obtained from
In Figure 3 (b) the model predictions for (Y = 0.9 have been compared with experimental data for the HDPE. This value of IY = 0.9 gives the best fit to the data. Agreement between theory and experiment is poor as the model overpredicts for some strain rates and underpredicts for others. Strong oscillations are also observed in the theoretical curves. These oscillations arise because each mode of the relaxation spectrum produces a viscosity maximum. When contributions from all ten modes (with a spacing of half a decade) are added to obtain the overall viscosity, these do not smooth out but are manifested as oscillations. The inclusion of more relaxation modes with smaller spacing between them apparently leads to a smoothed response; see Acierno et aZ.l' However, the number of modes required for such a smooth response would seem to disqualify the model for many practical purposes.
Giesekus Equation
The Giesekus model is based on a kinetic theory of closely packed polymer chains and on a series of simplifications leading to an equation for the extra stress that contains no explicit integrais over the configurations of individual molecules1 The extra stress for the Giesekus model is given by's2 f + 2 7' + ; T = 2GD where, LY again denotes the adjustable parameter.
This equation is again nonseparable so that one cannot obtain damping functions directly. We have to derive the stress relaxation following a stop strain, and then follow the procedure outlined previously to get the damping function. The relaxation modulus following a step shear is given by
G exp( -t/h)

Gs(t'y) = (1 + {all -exp(-t/A)] -a211 -exp( -tiA)12)?) (22)
The relaxation curves for different strains were found to be almost parallel so that the damping function could easily be obtained. In Figure 4 (a), the Giesekus shear damping function for (Y = 0.7 is compared to the HDPE data. Excellent agreement is observed.
The reliability of the model in uniaxial extension was tested by using the following equation for the extensional viscosity shows the best fit of the model to the experimental data of HDPE for different strain rates. Overall agreement is good with the model showing the correct trend, i.e., a plateau in the viscosity at large strains. However, the figure indicates that a single value of t,he adjustable parameter cannot precisely fit all strain-rate curves.
The measured biaxial damping function has been compared in Figure 4 (c) to the theoretical predictions obtained by using the following equation for the relaxation modulus after a biaxial step strain exp( -t/h)G G&E) = @ _ In Figure 5 , we compare the data of HDPE in all three deformations to the predictions of the Larson model using the above three equations. Clearly, the Larson equation is capable of describing all three deformations of HDPE accurately with the appropriate choice of the adjustable parameter. Since the model can describe deformations of the HDPE, which is a melt without long side branches, we next attempt to check its reliability in describing a melt with long side branches, namely LDPE (IUPAC A). This is illustrated in Figure 6 for all three types of deformations.
Here too, the model gives accurate predictions in step shear, step biaxial and steady uniaxial extension. We find from Figures 5 and 6 that the value of the adjustable parameter is largest in biaxial extension and smallest in uniaxial extension suggesting that the materials are most strain softening in biaxial extension and least in uniaxial extension.2a12 This is especially true for the branched LDPE where the difference in cy values in the two extensional modes is more than an order of magnitude. Thus it is not possible to describe all three deformations of the LDPE using a single value of the adjustable parameter. For the HDPE, however, the CY values range between 0.25 and 0.55. An intermediate value could therefore be chosen to give the best overall fit for all three deformations. This is shown in Figure 7 for LY = 0.35. Here, the model slightly overpredicts the biaxial data and underpredicts the uniaxial data and the overall comparison is reasonable for engineering approximations.
Phan-Thien-Tanner Equation
The following form of the network model of Phan-Thien and Tanner is considered 
The original version proposed3*4 contains an additional "slip" parameter in the convected derivative like the J-S model. We have set this to zero to avoid some of the problems encountered with the J-S model, such as violation of the Lodge-Meissner relation. Since the PTT is a nonseparable model, we can get the damping function indirectly from step strain experiments by solving for the stress relaxation as has been outlined for the Marrucci and Giesekus models. In step shear, the relaxation h Model predictions in these three deformations have been compared to HDPE data in Figure 8 . As can be observed, the model describes all three deformations reasonably accurately. As was the case with the Giesekus and Larson models in uniaxial extension, no single value of the parameter can describe all strain rates exactly. The fit in uniaxial extension and shear is not as good as the fit given by the Larson model, but is better than that of the Larson model in biaxial extension. Furthermore, the range of the parameter values used is small, between 0.18 and 0.3, suggesting that an intermediate value could be used to describe all three deformations. In Figure 9 , predictions for a single value of the adjustable parameter, (Y = 0.23, is compared to the data of HDPE in all three deformations. The agreement is reasonable within engineering approximations.
In Figure 10 , data of the branched LDPE in shear, biaxial extension and uniaxial extension are compared to the model predictions. The model is capable of describing these deformations reasonably well. However the (Y values cover a wide range, from 0.015 in uniaxial extension to 0.25 in biaxial extension, so that no single value could be used to describe all three of them.
DISCUSSION AND SUMMARY
Predictions of differential constitutive equations in step shear, step biaxial extension, and steady uniaxial extension are compared here to the experimental results of two polymer melts, HDPE and LDPE. The rheological behavior of HDPE is typical of linear polymer melts, whereas that of LDPE is typical of melts with long side branches. 12,14,20 The constitutive models along with their responses are summarized in Table III , the format of which is taken from Tanner.5 The conclusions reached pertain to the three deformations only and may not reflect the ability of the models to describe other kinds of deformation.
Our study shows both the J-S and W-M models to be unsuitable 
Constitutive Models
Step Elongation Shear Start Up
Step (the "Marrucci model") fails to predict the step-strain response and elongational stress growth favorably when the entire linear relaxation spectrum of a melt is taken into account. This equation shows the right trend for a single relaxation mode, but strong oscillations are observed on inclusion of multiple modes. An example of this is illustrated in Figure 3(b) for uniaxial extension. The viscosity maxima arising from the different modes of the relaxation spectrum add together to produce these oscillations. These oscillations also occur in step strains. It may be possible to smooth the oscillations by including more relaxation modes than we have included here, but the number of modes required limits the equation's usefulness. Even apart from the presence of oscillation, the predictions of the model for uniaxial extension are not particularly good.
The Giesekus equation can describe the shear damping function and elongational viscosity of an unbranched melt, such as HDPE, quite accurately. In addition, a single value of adjustable parameter can be used to describe both deformations simultaneously. However, this model is unable to match the strain softening observed in the biaxial damping function regardless of the choice of the adjustable parameter.
The models of Phan-Thien-Tanner and Larson seem to fit the data in all three deformations not only for HDPE but also for the branched LDPE. On a comparative note, the nonlinearity in the Larson model is embedded in a convected derivative that renders it separable and makes calculation easy. The PTT equation has the nonlinearity associated with the stress term as an exponential of the trace of the stress, which makes it less attractive for calculations, especially of step strain. The PTT model gives a more accurate description of the biaxial data than does the Larson model but is less accurate for shear and uniaxial extension. For the HDPE, the range of the adjustable parameter value used to get the best fit in each deformation lies between 0.25 and 0.55 for the Larson model and between 0.18 and 0.30 for the PTT model. While the spread is slightly smaller for the PTT case, an intermediate single fixed value of the parameter can be chosen for both models to give a reasonably good fit to the data in all three deformations. For the LDPE, the spread among the parameter values for different deformations is more than an order of magnitude for both models. Thus, a good fit is only obtained if the parameter is separately adjusted for each of the three types of deformations.
The models fail to describe simultaneously uniaxial extension and biaxial extension for LDPE with a single value of the adjustable parameter because none of the models are sensitive to alignment strength, which we define to be the extent to which molecules align along a single axis. Alignment can be quantified by the difference between the first and second strain invariants, I1 -12, with a positive value indicating a strongly aligned deformation and a negative value a weakly aligning onen Since the observed small strain softening in uniaxial extension (I, -I2 > 0) and large strain softening in biaxial extension (I, -Z2 < 0) directly correlate with alignment strength, introducing such a dependence into the models would allow better agreement with data in such deformations. One way of adding sensitivity to alignment strength would be to include in the constitutive equation2 some dependence on an invariant of stress other than tr:
